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ABSTRACT
Around the Earth there are more than ten million objects
larger than 1 mm that can interfere with other orbiting
spacecraft. In particular, objects larger than 1 cm are con-
sidered massive enough to seriously damage or even de-
stroy a satellite in case of collision. The traditional piece-
by-piece approach to study the evolution of debris objects
cannot be applied to small fragments their number is so
large that the computational time would be prohibitive.
This work proposes an alternative method based on the
computation of the fragment density, whose evolution in
time under the effect of atmospheric drag can be obtained
with the continuity equation. The fragment density can
then be used to evaluate the resulting collision probabil-
ity. In particular, the proposed method is here applied to
evaluate the consequence of some reference breakups on
a list of target objects. In addition, the low computational
time allows simulating many collision scenarios with dif-
ferent collision conditions to understand which parame-
ters have the largest effect on the risk for other spacecraft.
1. INTRODUCTION
Around the Earth there are more than 500000 objects
larger than 1 cm and more than ten millions objects larger
than 1 mm. Objects of this size are considered to be
able to interfere with operational spacecraft either caus-
ing anomalies in their operations and, for larger frag-
ments, causing the loss of the satellites [1]. In fact, frag-
ments larger than 1 cm cannot even be stopped by the
shields currently adopted on the International Space Sta-
tion (ISS). Moreover, objects smaller than 10 cm cannot
be tracked with current radar technology. As a result,
small fragments contribution to the collision probability
is often neglected (excluding the studies in [2, 3]).
In addition, even if new radars technologies will en-
able to detect and track smaller fragments, the size of the
database of possible colliding particles will remarkably
increase and the computational time will become pro-
hibitive if each fragment is individually followed. Some
of the existing methods tackle this problem by deﬁning
some representative objects that group a set of small frag-
ments. The representative objects are then propagated
and the original picture of the small fragments is then
reconstructed a posteriori [4].
This work proposes instead a different and novel ap-
proach based on the deﬁnition of the density of frag-
ments. The total object density is propagated instead of
following each single fragments. The density is then used
directly to compute the resulting collision probability.
Besides this advantage, this formulation of the problem
allows adopting an analytical method for the propagation.
In fact, if only the effect of atmospheric drag is consid-
ered, the cloud density evolution can be obtained by ap-
plying the continuity equation as originally proposed by
McInnes [5].
The continuum approach was used in different ﬁelds
of astrodynamics, including applications to model the
evolution of global space debris evolution [5], interplane-
tary dust [6, 7] and swarm satellites [8]. Here it is used to
model the debris cloud resulting from a collision in Low
Earth Orbit (LEO) and evaluate its impact on the collision
probability for other spacecraft.
The paper is structured as follow: Section 2 gives a
brief overview on the method used to propagate debris
clouds with the continuity equation and Section 3 on the
hypotheses and method to compute the resulting collision
probability. Section 4 presents some possible applica-
tions of the method, such as, for example, the assessment
of the collision risk caused by a small breakup and the
identiﬁcation of the most critical conditions of collision
for a set of spacecraft.
2. DEBRIS CLOUD PROPAGATION
Whentwoobjectscollideinspace, acloudoffragmentsis
generated: the cloud is initially dense (Fig. 1a), but with
time it spreads around the Earth, forming a band whose
extension in latitude is limited by the inclination of the
orbit where the collision occurred (Fig. 1c).
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Figure 1: Phases of debris cloud evolution as classiﬁed by McKnight [9] and Jehn [10]. The simulation refers to a collision on a parent
orbit with inclination equal to 30
McKnight [9] proposed a phased approach to study
the cloud evolution where its transition from one state to
the other in Fig. 1 can be explained with the effect of
a dominating force. The method employed in this work
uses different techniques to model each phase in order to
obtain the long term evolution of the fragment cloud. The
details of the method can be found in [11] and here they
are only summarized.
A collision produces a cloud of fragments, whose
number depends on the energy of the event. Breakup
models available in literature can be used to estimate the
features of the fragments (e.g., their mass) and how the
energy is distributed among the fragments. In particular,
the NASA breakup model [12, 13] is here used, consid-
ering fragments with size between 1 mm and 8 cm. In
the initial phase, the cloud is compact and localized at
the collision location; then, as each fragment has a differ-
ent energy, the cloud is gradually spread along the whole
orbit.
On longer time scale, in the order of months, the ef-
fect of perturbations becomes relevant. In particular, the
Earth’s oblateness rotates each fragment orbit spreading
the cloud to form a band around the Earth. In our method,
this phase is modeled with the numerical propagation of
the fragments orbital parameters under the effect of the
Earth’soblateness(consideringonlytheJ2 term)anddrag
(adopting an exponential model for the atmospheric den-
sity). The average expression of the orbital dynamics is
used [14]. The numerical propagation is stopped once the
bandisformed, usingAshenberg’s[15]theorytoestimate
the time necessary for this process.
Once the band is formed, it is possible to switch the
point of view from the study of the single fragments to
the evaluation of the cloud spatial density. It is impor-
tant to highlight that this can be done only at this stage as
the formation of the band means that the argument of the
perigee (w) and the longitude of the ascending node (W)
are randomized. In other words, at the band stage there
is a radial symmetry, so the problem can be studied con-
sidering only the dependence on the distance r. As the
band is limited in latitude, the problem should consider
also the dependence on the latitude, which depends on
the inclination of the orbit where the fragmentation took
place. Actually, as it will be explained in detail in Section
3.1, the distribution in latitude and the one in distance can
be studied separately. Here the focus is on the distribu-
tion as a function of distance that is directly affected by
the atmospheric drag and therefore drives the long term
evolution of the cloud.
The distribution in r is built starting from the knowl-
edge of the fragment orbital parameters and applying
Kessler’s expression [16]
n(r;t0) = n0(r) =
1
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r
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This expression is preferred here instead of the one
used in the previous version of the method [11] because
it is more effective in describing the fragment distribu-
tion. This is especially true for the representation of the
peak height, which has a relevant impact on the computa-
tion of the collision probability. This new version of the
method was evaluated with the same criteria in [11] and
it proved to have the same applicability range in terms of
altitude, namely from 800 km and above [17].
Once the fragment spatial density at the band forma-
tion (n0) is deﬁned, its evolution in the long term is im-
mediately known thanks to the continuity equation. It is
written as
¶n(r;t)
¶t
+Ñ f(r;t) = ˙ n+  ˙ n ; (2)
were Ñ  f accounts for the slow/continuous phenom-
ena (e.g., the effect of perturbations) and ˙ n+   ˙ n  the
fast/discontinuous events (e.g., the injection of new frag-
ments due to launches). Fast events are not considered
here (˙ n+   ˙ n  = 0), whereas the term Ñ  f is used to
model the effect of drag.
The method of characteristics allows transforming
Eq. 2 into a system of Ordinary Differential Equations
(ODE)thatadmitsanexplicitsolutionfortheevolutionof
the fragment density, under the approximations of an ex-
ponential model for the atmosphere and of quasi-circular
orbits for the fragments [5]. With the exponential model,
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Figure 2: Fragment spatial density for a fragmentation at 800 km, on a planar orbit. The band is formed after 95 days and the time
on top of each plot is measured from that moment. The gray bars represent the distribution of fragments obtained with the
numerical propagation, the blue line represents the result of the analytical propagation
the expression of the atmospheric density at altitude r is
r = rH exp
r RH
H

where rH and H are, respectively, the density and scale
height at the reference altitude RH. With this expression
oftheatmosphericdensity, thespatialdensitycanbewrit-
ten as a function of of distance r and time t
n(r;t) =
Yfexp[ 
r RH
H ]+(e
p
RH=H)tg
 er5=2exp[ 
r RH
H ]
; (3)
where Y is a function obtained from the initial condition
n0(r) [11] and e is a parameter of the problem that col-
lects all the terms not depending on r
e =
p
m
cDA
M
rH: (4)
In Eq. 4, m is the gravitational constant of the Earth and
cD;A;M are the ballistic coefﬁcient, the cross area and
the mass of the fragments. The same value of cD is used
for all fragments and is set equal to 2.2 [18]. The area-
to-mass ratio A=M has instead a large variation among
the fragments [12], so the cloud is divided into NB = 10
bins in A=M and the total cloud density is obtained by
summing the partial densities in each A=M bin
n(r;t) =
NB
å
i
ni(r;t)
=
NB
å
i
Yfexp[ 
r RH
H ]+(ei
p
RH=H)tg
 eir5=2exp[ 
r RH
H ]
(5)
whose evolution is obtained deﬁning an average value of
ei for each A=M bin.
Fig. 2 shows an example of the evolution of the cloud
density with time obtained with the explained method.
The fragmentation studied in Fig. 2 occurred at 800 km,
on a planar orbit; the band is formed after 95 days and
from that moment the analytical propagation is used. The
distribution of fragments in altitude obtained with the
numerical propagation is plotted with the the gray bars,
while the blue line represents the result of the analytical
propagation, which shows a good agreement with the nu-
merical data. The advantage of the analytical method is
thatthisresult, whichrepresentthepropagationofacloud
of 2397 fragments for 1500 days after the fragmentation,
is obtained with a computational time of less than 13s on
a PC with 8 CPUs at 3.40 GHz; as a reference, the com-
putational time required to propagate numerically each
fragment is instead more than 130s.
3. COLLISION PROBABILITY
Following Kessler’s [16] approach, the collision proba-
bility for a target crossing the cloud is computed consid-
ering the average number of collisions at a given time t.
This can be written as
N = Fst (6)
where F is the ﬂux of particles
F = SV (7)
3with V the average relative velocity and S the fragment
density function of the distance and the latitude b
S(r;b) = s(r)f(b)
In Eq. 6 s represents the collisional cross-sectional
area. This is usually deﬁned considering the dimensions
of both the colliding objects [16], but here only the target
spacecraft area is considered because the fragments are
much smaller than it.
For the spatial density s(r), the value of density n(r;t)
obtained with the method explained in Section 2 is used.
This approach was validated by verifying that the error
compared to the distribution obtained from the numerical
propagation is acceptable also for long simulations. In
particular, the method is able to simulate the cloud evo-
lution for ﬁve years with a relative error lower than 20%
for altitudes equal and larger than 800 km [17].
As said the proposed approach can be used only to
model the impact of the cloud after the band is formed,
therefore future work will aim to estimate the collision
probability also in the ﬁrst phases of the cloud evolution.
Here, instead, the focus is on the long term contamination
of space environment.
In order to keep the model simple and dependent on
the distance only, the average relative velocity between
the fragments and the target V is computed with the ex-
pressions in [16] assuming that the average collision an-
gle is 90 and that the fragments and the target are on
similar quasi-circular orbits. Therefore, V is set equal to p
2 times the orbital speed for a circular orbit at the target
altitude rT
V 
p
2vorb =
r
m
rT
: (8)
This approximation was evaluated by simulating differ-
ent collision scenarios, changing both the target and the
fragmentation parameters. In all the tested cases, Eq. 8
overestimates the valued of the average relative velocity
with a maximum relative difference of 10% [17].
Finally, the cumulative collision probability is ob-
tained with the expression
Pc = 1 exp(sn(r;t)VDt); (9)
following the common analogy with the kinetic gas the-
ory [19, 9]. The time frame for the computation is ﬁve
years and the used Dt is equal to 3.5 days for the results
shown in Section 4.
3.1. The role of latitude
The expression in Eq. 1 expresses the fragment density
computed in a spherical volume around the Earth. How-
ever, as shown in Fig. 1, the fragments are distributed in
a band limited in latitude by the inclination of the parent
orbit i0. For retrograde orbits, the latitude is obviously
limited by p  i0, but for simplicity the following equa-
tions are given considering i0 deﬁned between 0 and p=2.
To describe the dependence on the latitude b, Kessler
[16] multiplies the spatial density n(r) by a function f(b)
that represents the distribution in latitude
f(b) =
8
<
:
0; if jbj > i0
2
p
1 q
sin2 i0 sin2 b
; if jbj  i0: (10)
Differently from the spatial density n, the distribution in
b is not affected directly by the atmospheric drag. This
means that the dependence on the latitude could be easily
included also in the method proposed in this work, multi-
plying the expression by the spatial density n(r;t) in Eq. 3
by the function f(b) in Eq. 10. However, the target lati-
tude b is a fast variable, compared to the evolution of the
orbital parameters. Therefore, in this work, an average
value is used
¯ f(b) =
(
0; if jbj > i0
1
sini0; if jbj  i0:
(11)
By using this approach, the spatial density is correctly
rescaled to consider the actual volume occupied by the
fragments. Moreover, it also allows integrating the target
trajectory more quickly, without using a small integration
step to follow the evolution of the latitude.
4. COLLISION SCENARIOS
The method explained in Sections 2 and 3 can be applied
to study the collision probability due to small fragments
in different scenarios as the computational time is much
lower than the one of numerical propagation. Here, two
possible applications are presented: ﬁrstly, the impact of
a breakup on different target spacecraft is evaluated; sec-
ondly, for each target spacecraft a map of collision prob-
ability is built by varying the inclination and the altitude
of the simulated breakup.
In both case, a list of interesting targets is required.
Here we used the one prepared by IFAC-CNR, ISTI-CNR
and University of Southampton for a study sponsored by
the European Space Agency [20]. The list was sorted by
the computed cumulative collision probability and only
spacecraft are considered (i.e., no rocket bodies or ob-
jects released in operation are analyzed). Tab. 1 summa-
rized the relevant information for the ﬁrst ten spacecraft
in the list; in detail, Tab. 1 indicates the spacecraft ID
used in this work and the one in MASTER population; it
also reports the altitude of the perigee hp, the altitude of
the apogee ha, the spacecraft inclination i, the mass and
the size of the spacecraft, the cumulative collision proba-
bility Pc.
4Table 1: List of target spacecraft [20] for the collision probability analysis
ID Target hp [km] ha [km] i [deg] Mass [kg] Size [m] Pc
1 ESA-3926 842.6304 855.6396 70.98 3200 6.33 1.77E-01
2 ESA-4419 816.0959 818.9741 98.73 4090 6.91 1.75E-01
3 ESA-3692 842.9113 863.1587 71.00 3200 6.33 1.70E-01
4 ESA-3541 762.9208 764.3492 98.45 8110 8.96 1.66E-01
5 ESA-271 799.7443 806.9258 64.90 16800 7.11 1.66E-01
6 ESA-3410 837.8654 855.2046 70.99 3200 6.33 1.64E-01
7 ESA-3847 815.9959 818.8741 98.67 4090 6.91 1.63E-01
8 ESA-3047 830.2175 863.4525 70.90 3220 6.23 1.60E-01
9 ESA-3189 820.5950 823.4750 98.54 2730 5.74 1.43E-01
10 ESA-253 790.9662 796.7038 85.00 4580 5.78 1.33E-01
4.1. Single event impact
The ﬁrst application of the method is the evaluation of the
consequences of a breakup on the target list in Tab. 1, also
considering the different collision probability associated
with fragments larger than 1cm or larger than 1mm.
For this application, two recent small breakups are
considered [21], whose parameters are reported in Tab. 2.
The value in the last column is a measure of the energy of
the breakup. It is the parameter that in the NASA breakup
model [12] is used to deﬁne the fragment size distribution
for a collision through the expression
N(Lc) = 0:1(ME)0:75L 1:71
c (12)
where Lc is the fragment characteristic length and N(Lc)
is the number of fragments of size equal or larger than
Lc. The parameter ME is here estimated considering that
for the two breakups the number of fragments added to
the debris population catalog is known (respectively 6 ob-
jects for Cosmos 1867 and 4 objects for Cosmos 2428).
Therefore, assuming that the tracked fragments are larger
than 10cm, the value of ME is obtained.
Table 2: Parameters of two recent small breakups [21]
Spacecraft hp [km] ha [km] i0 [deg] ME
COSMOS 1867 775 800 65 1.2327
COSMOS 2428 845 860 71 0.71793
For the ﬁrst breakup, the impact on the target list
is shown in Fig. 3, which shows the cumulative colli-
sionprobabilitycollisionprobabilitycausedbyfragments
largerthan1cmfromthetimeofbandformation; thedata
for Fig. 3 were obtained with a total computational time
of 3 minutes on a PC with 8 CPUs at 3.40 GHz.
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Figure 3: Resulting collision probability from the Cosmos 1867
breakup on the targets in Tab. 1
Fig. 3 suggests that the cross area has a very large
inﬂuence on the collision probability as the four space-
craft with the largest area (SC4, SC5, SC7, SC2) have
also the largest collision probability. The orbits o fthese
spacecraft are also quite close to the fragmentation al-
titude (Dh = 15 30km), so they cross the fragmentat
cloud close to the peak. Interestingly, the spacecraft with
the smallest difference in altitude, SC10 (Dh = 6:3km)
has instead a much lower collision probability than, for
example, SC4 (8:810 5 versus 2:610 4). For this
spacecraft, in fact, the inclination (85) is higher than i0,
so it spends part of its trajectory outside the band formed
by the debris cloud.
The observation on the effect of the inclination can
be drawn also from the simulation of the second breakup,
shown in Fig. 4. In Fig. 4a, three spacecraft have the
highest cumulative collision probability and they all have
semi-major axis and inclination similar to the one of the
fragmentation. However, to better highlight the role of
inclination, one can compare the behavior of SC5 and
SC7, which both have large and similar cross-sectional
area. For SC5 the difference in altitude with the fragmen-
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Figure 4: Resulting collision probability from the Cosmos 2428 breakup on the targets in Tab. 1
tation is around 40km and its inclination is lower than the
fragmentation one, so the spacecraft is always inside the
fragment band. For this reason, the line of the collision
probability appears almost straight, with its slope slow-
ing decreasing because of drag reducing the fragment
density. On the other hand, SC7 has higher inclination
than the fragmentation, so it is not always inside the frag-
ment band and its curve appears less linear than for SC5.
Therefore, even if the difference in altitude is smaller for
SC7 (Dh = 25km) than for SC5, also the collision proba-
bility is lower. This suggest that even if it is clear which
parameters have an impact on the collision probability,
the proposed method can be useful in quantifying their
relative importance. In fact, the simple computation of
the difference in the orbital parameters between the frag-
mentation location and the targets’ orbits may not always
be conclusive to rank the relative risk.
Fig. 4 shows also the comparison between the result-
ing collision probability from objects larger than 1cm
(Fig. 4a) and larger than 1mm (Fig. 4b); the results for
the latter case were obtained with a computational time
equal to 40 minutes on a PC with 8 CPUs at 3.40 GHz.
As expected, the collision probability is much higher
if also the smallest fragments are included. In particu-
lar, the cumulative collision probability is 33 times higher
in the case where all the fragments larger than 1mm are
considered. One cal also observe that now the spacecraft
with the largest collision probability is SC5. This result
may be explained by the fact theat inclidung all the frag-
ments down to 1mm, the percentage of fragments with
high area-to-mass ration is larger. These fragments decay
quicker and so the cloud has a larger impact on space-
craft at low altitudes such as SC5. This observation seem
conﬁrmed also by the steep slope in the curve for SC4,
which is also on low orbit. In attidion, SC5, differently
form SC4, is always inside the fragment band, so it al-
ways accumulates collision probability.
4.2. Maps of collision probability
The collision risk for a spacecraft can be studied also
from a different point of view: instead of focusing on
a single breakup, here the location of the breakup is
changed to highlight the impact of the breakup conditions
on the collision probability. In particular, here the altitude
and the inclination of the fragmentation are changed and
this allows deﬁning the most dangerous regions for a col-
lision to occur for all the targets in Tab. 1. Other parame-
ters (e.g., time, fragmentation energy) may be considered
with the same approach.
Fig. 5 shows, for example, the study done for the
spacecraft SC2 for fragmentations of 100kJ, including
all the fragments down to 1mm. The peak in the colli-
sion probability is at the altitude of the spacecraft semi-
major axis (aSC2 = RE+817km) and for the inclination
equal and higher than the spacecraft inclination as in this
condition the spacecraft is always inside the band formed
by the fragments. Fragmentations at higher altitudes than
aSC2 have a large impact than the ones at lower altitudes.
In fact, as with time drag tends to reduce the fragments
altitude, the fragments initially at altitudes higher than
aSC2 decay towards the target orbit. It is also possible
to observe how fragmentations at high inclination have a
larger impact: the cumulative collision probability is very
similar for a fragmentation at 90 and 900km and for one
at 60 and 860km, even if the latter is 40km closer to the
target.
The same analysis was performed for all the targets
in Tab. 1 to obtain the map in Fig. 6. Here it is possible
to observe a peak around 840km, which is the altitude
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Figure 5: Collision probability map for SC2 for fragmentations of 100kJ, including all the fragments down to 1mm
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Figure 6: Total collision probability map for the targets in Tab. 1 for fragmentations of 100kJ, including all the fragments down to
1mm
7around where there are four spacecraft in the list (SC1,
SC3, SC6, SC8). These spacecraft also have roughly the
same inclination (71), so, as in Fig. 5, the collision prob-
ability is maximum for fragmentation occurring at incli-
nations equal or higher than this value.
The collision probability is high also in the altitude
band around 820km where there are three spacecraft
from the list (SC2, SC7, SC9). As explained for Fig. 5,
the decay of fragment altitude due to drag increases the
impact of fragmentation at high altitudes: the collision
probability around 860km has the same value of the one
at 820km even if there is only one spacecraft close to
860km and three around 820km.
A map such as the one in Fig. 5 is obtained with a
computational time of around two hours on a PC with 8
CPUs at 3.40 GHz. The process can be easily automa-
tized and parallelized to study a list of targets and obtain
a global map as the one in Fig. 6. These maps may be
useful to study both operational and non-operational tar-
gets to understand under which conditions a fragmenta-
tion has the largest impact on the spacecraft. Moreover,
the global maps can highlight the most critical areas in
terms of inﬂuence on the whole spacecraft population and
can be used, for example, to identify interesting candi-
dates for active debris removal.
5. CONCLUSIONS
Small debris fragments can pose a relevant hazard in
case of collision: fragments larger than 1mm can cause
anomalies to operational spacecraft and impacts with ob-
jects larger than 1cm can even destroy a satellite. How-
ever, the number of small fragments in the debris popula-
tion is too high to follow each single fragment trajectory
and so their contribution to the collision probability is of-
ten not considered. Moreover, even in a single fragmen-
tation the number of small fragments can be high enough
that alternative methods of propagation are more conve-
nient. In this work, a novel approach based on the de-
scription of the fragment density was introduced. Chang-
ing the point of view from the single fragments to the
global evolution of the cloud density allows an important
reduction of the computational time thus enabling new
analysis on the contribution of small fragments to the col-
lision probability. More in detail, the method was used to
evaluate the change in the collision probability of some
reference spacecraft due to a fragmentation. The frag-
mentation, a non-catastrophic collision, was described
with the NASA breakup model: the generated fragments
are numerically propagated in the beginning until they
form a band around the Earth; afterwards, their spatial
density is used as state variable of the study and its evolu-
tion under the effect of drag only can be obtained analyt-
ically. The fragment density is then used to compute the
collision probability for a spacecraft crossing the cloud.
The method was applied to study the impact of two real
breakups on a list of targets, highlighting the dominant
inﬂuence of inclination. Another application is the simu-
lation of many collision scenarios with different fragmen-
tation conditions, in this case the altitude and the inclina-
tion of the orbit where the fragmentations occurred. In
this way, a map of the collision probability as a function
of the fragmentation altitude and inclination can be built
for each target and then also for the whole set. These
maps can be useful to identify which regions of space
have the largest inﬂuence on the global collision proba-
bility and may suggest interesting targets for active debris
removal.
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